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o : 

Abstract. We prove that, for every compact Kahler manifold, the period map of 
its Kuranishi family is induced by a natural Loo-morphism. This implies, by standard 
facts about Loo-algebras, that the period map is a "morphism of deformation theories" 
and then commutes with all deformation theoretic constructions (e.g. obstructions). 
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Introduction 

The homotopy Lie algebra approach to deformation theory over a field K. of charac- 
teristic is based on two creeds. 

First creed: let M be a moduli space (for some classification problem) and x a point 
of A4; then the geometry of the formal neighbourhood of x in A4 is encoded into an 
(homotopy class of) Loo-algebra(s) . More precisely, there exists an Loo-algebra q, defined 
up to quasiisomorphism, such that, for any local Artinian K-algebras B with maximal 
ideal trig and residue field K one has 

{(/): Spec{B) -» M | 0(Spec(K)) = x] = Def g (B), 

where 

{Solutions of the Maurer-Cartan equation in g <S>k^b} 

DeiJB) = ; : — ; • 

homotopy equivalence 

Second creed: every "natural" morphism between formal pointed moduli spaces is in- 
duced by an Loo-morphism between the associated Loo-algebras. 

In this paper we shall explicate the first creed for Grassmannians using a general con- 
struction that also applies to other moduli spaces (dg-Grassmannians, Quot and Hilbert 
schemes, Brill-Noether loci etc.) and the second creed for the universal period map, in- 
tended as a natural morphism of moduli spaces: from deformations of a compact Kahler 
manifold to deformations of the Hodge filtration of its De Rham cohomology. 

More concretely, let's denote by 

*-(S,0), x={jx t , 
tes 

the Kuranishi family of a compact Kahler manifold X = Xq; let p > be a fixed integer 
and consider the period map [33, 10.1.2] 

V p : {S,0) -> Grass(iT(X,C)) = JJ Grass(iT(X, C)), 

i 

i F p H*(X t ,C) = Y[F p H i (X t ,C). 

i 

Griffiths proved [11] that V p is a holomorphic map and its differential dV p is the same 
of the contraction map 

i: H\X,T X ) -> 0Hom (f p W(X,C), ^(XX) ) ' ^ = ^ 

It is also known [3, 21, 26] that obstructions to deformations of X are contained in the 
kernel of 

i: H\X,T X ) -» Horn (f p H\X,C), ^i^q ) ' < € H = ^ 

(this fact is known as Kodaira's Principle ambient cohomology annihilates obstruction). 
However the proofs of [3, 21, 26] are not completely satisfying because the period map 
plays only a marginal role in them, while the most natural way of proving Kodaira's 
Principle would be to show that the period map is a "morphism of deformation theo- 
ries" , i.e. that V p commutes with every deformation theoretic construction: for instance 
obstruction theories. 

It is well known that the deformations of a compact complex manifold X are governed 
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by the 



Loo-algebra underlying the Kodaira-Spencer algebra Kx ■= ®iA x l (Tx)- 



The main results of this paper are: 

(1) We explicitly describe an Loo-algebra C p such that 

{</>: Spec(B) -► Grass(iT(X, C)) | 0(Spec(C)) = F P H*{X,C)} = Defcp(B). 

(2) We explicitly describe a linear Loo-morphism Kx — ► C p inducing P p at the level 
of deformation functors. 

These results give us an algebraic description of the period map and imply, by general 
theory of Loo-algebras, that V v is a morphism of deformation theories. 

The paper is divided in three parts: roughly speaking, in the first we make a functorial 
construction of an Lqo structure on the mapping cone of a morphism of differential graded 
Lie algebras and we introduce the notion of Cartan homotopy. A slightly expanded 
version of this part is available as [5]. 

In the second part we describe an Loo-algebra governing deformations of subcomplexes 
and then giving a local description of Grassmannians. 

Finally in the third part we exhibit an Loo-morphism inducing the universal period map 
of a compact Kahler manifolds. 

Acknowledgment. Our thanks to Jim Stasheff for precious comments on the first 
version of [5] and to Barbara Fantechi for useful discussions about dg- Grassmannians. 

Keywords and general notation. 

We assume that the reader is familiar with the notion and main properties of differen- 
tial graded Lie algebras and Loo-algebras (we refer to [6, 9, 14, 17, 18, 22] as introduction 
of such structures); however the basic definitions are recalled in this paper in order to 
fix notation and terminology. 

For the whole paper, K is a field of characteristic 0; every vector space is intended over 



Art is the category of local Artinian K-algebras with residue field K. For A £ Art we 
denote by the maximal ideal of A. 

Part 1. Lqo structures on mapping cones 

Let x : L — > M be a morphism of differential graded Lie algebras over a field K of 
characteristic 0. In the paper [23] one of the authors has introduced, having in mind the 
example of embedded deformations, the notion of Maurer-Cartan equation and gauge 
action for the triple (L, M, x); these notions reduce to the standard Maurer-Cartan 
equation and gauge action of L when M = 0. More precisely there are defined two 
functors of Artin rings MC x ,Def x : Art — > Set, where Art is the category of local 
Artinian K-algebras with residue field K, in the following way: 



where for a 6 M°<g>m.A we denote by ad a : M(g)tru — > Mcgim^ the operator ad a (y) = [a, y] 
and 



K. 






4 



DOMENICO FIORENZA AND MARCO MANETTI 



Then one defines 

MC X (A) 
gauge equivalence' 

where two solutions of the Maurer-Cartan equation are gauge equivalent if they belong 
to the same orbit of the gauge action 

(exp(L° <S> rtu) x exp^M -1 ®m A )) x MC X (A)-^ MC X (A) 

given by the formula 

{e l , e dm ) * {x, e a ) = (e l * x, e dm e a e- x(l) ) = (e l * x, e rf ™(-x(0)). 

The • in the rightmost term in the above formula is the Baker-Campbell-Hausdorff 
multiplication; namely e x e y = e x ' y . 

Several examples in [23] illustrate the utility of this construction in deformation theory. 
In the same paper it is also proved that Def x is the truncation of an extended deformation 
functor [20, Def. 2.1] F such that T i F = i!P(C x ), where C x is the differential graded 
vector space C x = (®iC x ,S), 

C X = V ®M i ~ 1 , 6(l,m) = (dl, X (l) -dm), I € L,m e M. 

By a general result [20, Thm. 7.1] there exists an structure on C x , defined up to 
homotopy, whose associated deformation functor is isomorphic to Def x . 
The main result of this part is to describe explicitly a canonical (and hence functorial) 
Loo structure on C x with the above property; this is done in an elementary way, without 
using the theory of extended deformation functors, so that the result of this part can be 
used to reprove the main results of [23] without using [20]. 



Defv A 



1. Conventions on graded vector spaces 

In this paper we will work with Z-graded vector spaces; we write a graded vector 
space as V = ® n ezV n , and call V n the degree n component of V; an element v of V n 
is called a degree n homogeneous element of V. 

We adopt the convention according to which degrees are 'shifted on the left'. By this 
we mean that, for every integer n, V[n] ~ K[n] <8> V where K[n] denotes the graded 
vector space consisting in the field IK concentrated in degree —n. Note that, with this 
convention the canonical isomorphism V ®K[n] ~ V[n] is l[ n ] (— l) ndeg ^V[ n ] and 
we have the following isomorphism, usually called decalage 

V 1 [l] ® • • • ® V n [l] ^ (V ± ® • • • ® V n )[n] 

ui[i] ® ■■■®v„[i ] (-l)^=i {n - i) - desVi (v 1 ®---®v n ) [n] . 

Denote by (g) n V, Q n V and f\ n V the n-th tensor, symmetric and exterior powers 
of V respectively. As with ordinary vector spaces, one can identify Q n V and f\ n V 
with suitable subspaces of (^) n V, called the subspace of symmetric and antisymmetric 
tensors respectively. The decalage induces a canonical isomorphism 

n I n \ 

O(^i)- Am n- 

Remark 1.1. Using the natural isomorphisms 

Hornby, W[t\)~ Rom i+l (V, W) 
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and the decalage isomorphism, we obtain natural identifications 

dec: Horn* ^®V,W^ ^Hom^-' ^®(V[1]), W[l]j , 

where 

dec(/)( Vl[1] • • • v k[1] ) = {-lf^U^y^)f( Vl ®...®v k ) {l] . 
By the above considerations 

dec: Horn' ( f\ V, v\ ^Hom^- 1 ( Q(V[1]), V[l] \ . 



2. Differential graded Lie algebras and L^-algebras 

A differential graded Lie algebra (DGLA for short) is a Lie algebra in the category of 
graded vector spaces, endowed with a compatible degree 1 differential. More explicitly, 
it is the data (V, d, [ , ]), where V is a graded vector space, the Lie bracket 

[, ]: V AV -» V 

satisfies the graded Jacobi identity: 

[VI, [V2,V 3 ]\ = [[V1,V2\M + (-l) dc ^i)^M [v2j [vi}Vs]]} 

and d: V — > V is a degree 1 differential, i.e., 

d 2 = 0, d[ Vl ,v 2 } = [dv u v 2 ] + {-l) dcs ^[v 1 ,dv 2 }. 

Via the decalage isomorphisms one can look at the Lie bracket of a DGLA V as a 
morphism 

q 2 € Rom\V[l] V[l],V[l]), q 2 (v {1] Qw {1] ) = (-l) de ^[v, w] m , 
Similarly, the suspended differential q\ = d[u = idjqi] d is a morphism of degree 1 

?!(«[!]) = -(d«) [1] . 

Up to the canonical bijective linear map V — > V[l], t> i-> the suspended differential 
gi and the bilinear operation 52 are written simply as 

qi ( v ) = -dv; q 2 (vQw) = (-l) dc §vM [ Vj 
Define morphisms € Hom 1 (0 fc (F[l]), by setting = 0, for A; > 3. The map 

n 

n>l n>l 

extends to a coderivation of degree 1 

n In 
n>l \n>l 

on the reduced symmetric coalgebra cogenerated by V[l], by the formula 
2.1. 

n 

••• 0J)„) = ^ ^ £(ff)?)t(f<T(l) ' ' ' Q f<r()t)) ^(fc+1) © ' • ' © f<7(n), 
k=l a€S(k,n-k) 
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where S(k, n — k) is the set of unshuffles and e(a) = ±1 is the Koszul sign, determined 
by the relation in Q n V[l] 

v a (i) • • • © v a ( n) = e{a)vi Q---Qv n . 

The axioms of differential graded Lie algebra are then equivalent to Q being a codif- 
ferential, i.e., Q 2 = 0. This description of differential graded Lie algebras in terms of 
the codifferential Q is called the Quillen construction [25]. By dropping the requirement 
that q, = for k > 3 one obtains the notion of Loo-algebra (or strong homotopy Lie 
algebra), see e.g. [17, 18, 14]; namely, an Lqo structure on a graded vector space V is a 
sequence of linear maps of degree 1 

k 

Qk- QV[1]^V[1], k>l, 

such that the induced coderivation Q on the reduced symmetric coalgebra cogenerated 
by V[l], given by the Formula 2.1 is a codifferential, i.e. i.e., Q 2 = 0. This condition 
in particular implies qf = 0, i.e., an Loo-algebra is in particular a differential complex. 
Note that, by the above discussion, every DGLA can be naturally seen as an Loo- 
algebra; namely, a DGLA is an Loo-algebra with vanishing higher multiplications q k , 
k > 3. Note that, via the decalage isomorphisms of Remark 1.1, every component q k of 
an Lqo structure on V can be seen as morphism 

k 

Mjfc GHom 2 - fe (/\y,y). 

A morphism between two Loo-algebras (V,q 1 ,q2,q 3 ,---) and (W,p 1 ,p2,p 3 , ■ ■ ■ ) is 
a sequence of linear maps of degree 

n 

fn- QV[1]^W[1], n>l, 
such that the morphism of coalgebras 

n n 
n>l n>l 

induced by ^2 n f n - ® n >i ©"^W — * commutes with the codifferentials induced 

by the two L^o structures on V and W [6, 14, 17, 18, 22]. An Loo-morphism is 
called linear (sometimes strict) if f n = for every n > 2. We note that a linear map 
fi : V[l] — > W[l] is a linear Loo-morphism if and only if 

Pn(fi{vi) • • • fi{v n )) = fi{q n {vi • • • v n )), V n > 1, v u . . . , v n G V[l). 

For instance, morphisms between DGLAs are linear morphisms between the correspond- 
ing Loo-algebras. 

If /oo is an Loo-morphism between (V, q 1 , q2, q 3 , . . . ) and (W,p 1 ,p2,p 3 , • • • ), then its 
linear part 

fl :V[l}^W[l] 

satisfies the equation /i o qi = pi o / l5 i.e., j\ is a map of differential complexes 
(V[l],<7i) — > (W[l],pi). An Loo-morphism /oo i s called a quasiisomorphism of Loo- 
algebras if its linear part f\ is a quasiisomorphism of differential complexes. A major 
result in the theory of Loo-algebra is the following homotopical transfer of structure 
theorem (see [6, 16] for a proof). 
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Theorem 2.2. Let (V, q 1 , qi, q 3 , . . .) be an Lao-algebra and (C, 5) be a differential com- 
plex. If there exist two morphisms of differential complexes 

f.(C[l],5 {1] )^(V[l}, qi ) and tt: (V[l], gi ) ^ (C[l],5 {1] ) 

which are homotopy inverses, then there exist an L^-algebra structure (C, ( ) 1; ( ) 2 , ■ ■ ■ ) 
on C extending its differential complex structure, and making (V, q\, qi, ■ ■ ■ ) and (C, ( ) 1 , 
{ ) 2 , • • • ) be quasiisomorphic L^-algebras via an L^-quasiisomorphism extending l. 

In case m = Id^u, explicit formulas for such a transfer are described in [6, 16] and 
[32] in terms of summation over rooted trees [15, Definition 6] 



<>»= E 



Z r (i,n,K,qi) 



r |Autr| ' 

where K € Hom _1 (V[l], V[l]) is an homotopy between ltt and Idyji], T n is the set of 
rooted trees with n tails, e r = ±1 is a sign depending on the combinatorics of the tree 
r and Autr is the group of automorphisms of T. Each tail edge of a tree is decorated 
by the operator i, each internal edge is decorated by the suspended operator K and 
the root edge is decorated by the suspended operator tt; every internal vertex v carries 
the operation q r , where r is the number of edges having v as endpoint. Then is 
the evaluation of such a decorated graph according to the usual operadic rules; see [6, 
Thm. 2.3.1] for an explicit recursive formula. 



3. The suspended mapping cone of x - L ^ M . 

The suspended mapping cone of the DGLA morphism x '■ L — > M is the graded vector 
space 

C x = Cone( X )[-l], 
where Cone(x) = £[1] © M is the mapping cone of x- More explicitly, 

c x = ec l x , C i x = L i ®M i ~ 1 . 

i 

The suspended mapping cone has a natural differential 5 <G Hom 1 (C x , C x ) given by 

5(1, m) = (dl,x(l) ~ dm), I € L,m G M. 

Denote by ( )i 6 Hom 1 (C x [l], C x [l]) the suspended differential, namely 

{(I, m))i = (-dl, ~x(l) + dm), I € L,m G M. 

Remark 3.1. If x is injective, then the projection on the second factor induces a quasiiso- 
morphism of differential complexes 7^: C x —>■ (Mj Im(x))[— 1]. In particular, it induces 
isomorphisms H l (C x ) ~ H t ~ 1 (Coker(x)), for every i. 

Setting M[t, dt] = K[t, dt] M, then 

H x = {(I, m(t, dt)) eLx M[t, dt] \ m(0, 0) = 0, m(l, 0) = x(0) 

is a differential graded Lie algebra. The differential on H x is (7, m(t, dt)) i— >• (dl, dm(t, dt)); 
since the differential on H x has degree 1, the suspended differential q\ : H x [l] —> H x [l] 
is the opposite differential: 

qi(l,m(t, dt)) = —(dl,dm(t,dt)). 
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The integral operator J a : K[t,dt] —>K extends naturally to a linear map of degree —1 
f : M[t, dt] — > M, f frm + fdt ■ m) = ( ! fdt\ m. 

Lemma 3.2. The complexes C x [l] and H x [l] are homotopic; more precisely, if one 
denotes by 

zGHom°(C x [l],# x [l]), 7TGHom (iJ x [l],C x [l]), K <G YiomT 1 (H X [V\, H x [l\) 
the linear maps defined as 

i(l,m) = (l,tx(l) + dt ■ m), 7r(Z, m(t, dt)) = ^l, J m(t,dt) 



K(l, m) = ^0, t J m — J m j . 

then i and ir are morphisms of complexes and 

m = Id Cx[1] , Id Hx[1] -iir = Kqx + qxK. 
Proof. Straightforward. □ 



4. The L^ structure on C x 

By Quillen construction [25], the differential graded Lie algebra H x carries an L^ 
structure 

k 

q k : Q(H X [1]) ^ H x [l], 

where q k = for every k > 3, 

qi(l,m(t,dt)) = (—dl,—dm(t,dt)) 

and 

q 2 ((h,m 1 (t,dt))Q(l 2 ,m 2 (t,dt))) = (-l) de ^ h >^^ 

Results of Section 3 tell us that we can apply the homotopy transfer of structure the- 
orem, to induce on C x an L^-algebra structure making C x and H x be quasiisomorphic 
Loo-algebras. Moreover, the linear maps of degree 1 

n 

On- QC X [1]^C X [1], n>l, 

defining the induced L^-algebra structure on C x are explicitly described in terms of 
summation over rooted trees. In our case, the properties 

nqiK = Kq\i = 0, 

q 2 (lm.K ®lm.K) C ker vr n ker ft=0Vi>3, 

imply that, fixing the number of tails, there exists at most one isomorphism class of 
trees giving a nontrivial contribution. 

• One tail: the only tree is 

O S-« >-0 -v-> l 7T 5- 

giving by operadic evaluation the formula 



((I, m))i = irqii(l, m) = (-dl, — x(Z) + dm). 



Loo-ALGEBRAS, CARTAN HOMOTOPIES AND PERIOD MAPS 

• Two tails: 

7« >-0 11 7T S- 

Again by operadic evaluation, this graph gives 

(71 © 72)2 = vrg 2 («(7i) © 2(72))- 

• n tails: 



Ox y x 

This diagram gives, for every n > 2 the formula 

(71 • • • 7„}„ = 

= ^ Yl £ (°") 7r '?2W7a(l))0^2(i(7<7(2))0---0^2(i(7<7(n-l))0<7 ( 7(n))) •••))• 

creS„ 

The factor 1/2 in the above formula accounts for the cardinality of the automorphism 
group of the graph involved. 

Remark 4.1. The above construction of the structure on C x commutes with tensor 
products of differential graded commutative algebras. This means that if R is a DGCA, 
then the L^-algebra structure on the suspended mapping cone of x0idR : L(g>R — > M0i? 
is naturally isomorphic to the Loo-algebra C x R. 

A more refined description involving the original brackets in the differential graded 
Lie algebras L and M is obtained decomposing the symmetric powers of C x [l] into types: 

n n / ^ \ / A \ 

Q(C x [l]) = QCone( X )= (QmU[Ql[1}). 

The operation ( ) 2 decomposes into 

h®h -> (-l) deSL{h) [h,l2\ a; mi®m 2 «0; 

C_l)deg M (m)+l 

m®lH ^ — '- — [m, x(l)\ G M. 

For later use, we point out that, via decalage isomorphisms, the maps (— )i and (— ) 2 
corresponds to 

2 

Mi G Hom 1 ^, C x ), M2 G Hom°(/\ C x , C x ), 



Mi(Z,m) = (dl,x{l) - dm), 
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/ 1 (_l)dcg L (/i) \ 

M 2 ((Zi,mi) A (Z 2 ,m 2 )) = I [h,l 2 ], ^K.xfe)] + ^ [x(*i)>™2] I • 

For every n > 2 it is easy to see that (71 • • • 7 n +i)n+i can be nonzero only if the 
multivector 71 • • • 7 n +i belongs to Q n M L[l]. For n > 2, mi, . . . , m n G M and 
Z G L[l] the formula for (— } n +i described above becomes 

(mi • • • m n On+i = 
= (-l) n_1 s(^q2((dt)m a{1) (DKq 2 {(dt)m <T{2) Q- ■ ■QKq 2 {(dt)m rT{n) Qt X {l)) ■ ■ ■))■ 

creS n 

Define recursively a sequence of polynomials <j>i(t) G Q[t] C and rational numbers 
7 n by the rule 

4>l(t)=t, I n = / (f>n(t)dt, <j) n+ i(t) = / <j) n (s)ds - tl n . 

JO JO 

By the definition of the homotopy operator if we have, for every m G M 

K(((f> n (t)dt)m) = -<f> n+ i(i)m. 
Therefore, for every mi, m 2 G M we have 

• mi) <Mt)m 2 ) = (-l) deg ^ (mi Vn+iW[mi,m 2 ]. 

Therefore, we find: 

(mi ■ ■ ■ m n / ) n +i = 

= ("l) n_1 £(a) 7 r 92 ((cZt)m CT( i ) 0^ 2 ((^)m (T(2) 0---0 J FCg 2 ((^)m (T(n) 0tx(O)---)) 
= ( _ ir _i + dcg M ( mCT(n) ) £ e ( ff ) W g 2 ((dt)m ff(1) 0^g 2 ((dt)m ff(2) ©---©^(t)[m ff(n) ,x(O]-- 
= (_l)n-l+E? =2 deg M (m CT(i) ) £ ^^((^m^ 0^ n (t) K (2) , • ■ ■ , [m CT(n) , • • 

= ( _i)n+E^id«gM(mi)7 n £ e (<7)K (1) , K (2) , • • • , K (n))X (0] ■ • • ]] G M 

Theorem 4.2. For ewery n>2 we have 
(mi • • • m n I ) n+ i = 

= _(_l)E? =1 deg M (m i )^ £ £ (,)K (1) ,K (2) ,- ,K (n) ,x(0] ■••]], 

where the B n are the Bernoulli numbers, defined by the series expansion identity 

00 n 2 4 

E„ X X X X X 
B n — = = 1 1 1 
n r,\ ox - 1 9 19 790 



Proof. Since B 2 k+i = for every k > 0, it is sufficient to prove that B n = —n\I n for 
every n > 1. Consider the polynomials V'o(i) = 1 and ^> n (i) = n\((j) n (t) — I n ) for n > 1. 
Then, for any n > 1, 

—ip n (t)=n-i(; n - 1 (t), / ip n (t)dt = 0. 
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Therefore the ip n (t) satisfy the recursive relations (see e.g. [28]) of the Bernoulli poly- 
nomials B n (t), defined by the series expansion identity 

E° „ . , x n xe tx 
B n (t)— = -—. 
n\ e x — 1 

In particular B n = B n (0) = ipn{ty = —n\I n for every n > 1. □ 

Remark 4.3. Recently, the relevance of Bernoulli numbers in deformation theory has 
been also remarked by Ziv Ran in [27]. In particular, Ran's "JacoBer" complex seems 
to be closely related to the coderivation Q defining the structure on C x . 



5. The functors MC x and Def x revisited 

Having introduced an structure on C x in Section 4, we have a corresponding 
Maurer-Cartan functor [6, 14] MCc x : Art — > Set, defined as 



MC Cx (^) = < 



7 € C x [l]° ®mi 



n>l 



(7 0n ) 







A € Art. 



ni 



Writing 7 = (I, m), with I € L 1 <g>rriA and m G M° ®m.A, the Maurer-Cartan equation 
becomes 



((/,m) "} 



n=l 



n! 



= ((/, m))i + \(l Q2 ) 2 + (m ® O2 + ^(m 02 ) 2 + J] t^TW ® On+i 

y " "~ n>2 ' / 

According to Theorem 4.2, since deg M (m) = deg c Am) = 0, we have 



B 



(m Qn ® On+i = ~ ^ K [m, ■ • ■ , [m, x(01 ■•■]] = "5„ ad™ (*(/)). 
The Maurer-Cartan equation on C x is therefore equivalent to 



dl + -[l,l] =0 



1 00 R 

x(Z) _ rf m + _[ m , X (/)] + ^ _!i ad^( X (0) = 0. 



n=2 



Since i?o = 1 and B\ = — — , we can write the second equation as 

[m, X (/)] + a Ox(0) = [m, x(01 - ^ + ^rh-WO) = 0. 



n=0 



- 1 
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gad m 

Applying the invertible operator we get 

ad m 

pad m i 

o = x(i) + — — (K x(01 - ^) = e m * x(0- 

aci m 

Therefore, the Maurer-Cartan equation for the Loo-algebra structure on C x is equiv- 
alent to 

dl + l[lj] = 
< 2 
e m * x (/) = 

and the Maurer-Cartan functor MC X described in the introduction is precisely the 
Maurer-Cartan functor corresponding to the Loo structure on C\- 

Recall that the deformation functor associated to an Loo-algebra q is Def = MC g / ~, 
where ~ denotes homotopy equivalence of solutions of the Maurer-Cartan equation: two 
elements 70 and 71 of MC S (A) are called homotopy equivalent if there exists an element 
7 (t,dt) € MC g[tidt] (A) with 7(0) = 70 and 7 (1) = 71. 

We have already identified the functor MCc* x with the functor MC X . Now we want 
to show that, under this identification, the homotopy equivalence on MCc x is the same 
thing of gauge equivalence on MC X described in the introduction, so that 

Def x ~ Defc x ■ 

We will need the following lemma (see the Appendix A for a proof). 

Lemma 5.1. Let q be a differential graded Lie algebra and let A £ Art. Then, for any 
x in MC g (A) and any g(t) G g°[t] 0mA, with g(0) = 0, the element e 9 ^ *x is an element 
[t,dt]{A)- Moreover all the elements of MC [ t ^t] (A) are obtained in this way. 

We first show that homotopy implies gauge. Let (lo,mo) and {l\,m\) be homotopy 
equivalent elements of MCc x (^4). Then there exists an element (l,m) of MCc x { s ,ds](A) 
with (/(0),m(0)) = (Io,mo) and (Z(l),m(l)) = (h,mi). According to Remark 4.1, the 
Maurer-Cartan equation for (l,rh) is 

i dl + ^[l,!]=0 
e™ * x (0 = 

The first of the two equations above tells us that I is a solution of the Maurer-Cartan 
equation for L[s,ds}. So, by Lemma 5.1, there exists a degree zero element X(s) in 
L[s] <g) vc\a with A(0) = such that I = e x * Iq. Evaluating at s = 1 we find l\ = e Al * Iq. 
As a consequence of I = e A * lo, we also have x(0 = e x ^ * x(h)- Set jl = rh» x(ty • m o> 
so that m = jl • mo • (— x(-M) an d the second Maurer-Cartan equation is reduced to 
e fi + ( e mi) * x(^o)) = 0) i- e -> to * = 0, where we have used the fact that (lo,m ) is 
a solution of the Maurer-Cartan equation in C x . This last equation is equivalent to the 
equation dp, = in (C x [s, ds])° <g) m^. If we write p(s, ds) = fJ,°(s) + ds /x _1 (s), then the 
equation dp, = becomes 

U° - d M ^ = 
\d Mf i° = 0, 

where d M is the differential in the DGLA M. The solution is, for any fixed /j, -1 , 

H°(s)= / da d M ^ 1 {a) = -d M / dafi' 1 (a) 
Jo Jo 
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Set v = — Jq 1 ds fi~ 1 (s). Then mi = m(l) = (c?m^) • mo • ( — x(Ai))- Summing up, if 
(lo,mo) and (mi,Zi) are homotopy equivalent, then there exists (czV, Ai) € (cZM -1 ® 
itia) x (L° <g> mi) such that 

fZi =e Al *Z 

I mi = aV • m • (-x(Ai)), 

i.e., (Zo,mo) and (mi,Zi) are gauge equivalent. 

We now show that gauge implies homotopy. Assume (lo,mo) and (mi,Zi) are gauge 
equivalent. Then then there exist (aV, Ai) G (cZM -1 <g) m) x (L° ® m) such that 

Ui =e Al *Z 

| mi =dvm G * (-x(Ai)). 

Set l(s,ds) = e sAl * Zo- By Lemma 5.1, I satisfies the equation dl + = 0. Set 

m = (d(sv)) • mo • (— x(sAi)). Reasoning as above, we find 

e ™ * x (l) = e d ^ * = 0. 

Therefore, (l,rh) is a solution of the Maurer-Cartan equation in C x [s,ds]. Moreover 
1(0) = Zo, 1(1) = Zi, m(0) = mo and m(l) = dv • mo • (— x(Ai)) = mi, i.e. (Zo, mo) and 
(mi,Zi) are homotopy equivalent. 
Summing up, we have 



Def Cx = u — r^— - — - = Def x 

homotopy gauge 



6. FUNCTORIALITY 

In the above section we have shown how to a morphism of differential graded Lie 
algebras x- L — > M is associated a canonical structure on C x . We will now discuss 
the functorial aspects of this construction. Denote by the category of L^-algebras 
and by M the category of morphisms of differential graded Lie algebras; objects in M 
arc DGLA morphisms x : L — > M; morphisms in M are commutative squares 



L 2 



Xi 



x 2 



of DGLA morphisms. 



It is immediate to observe that the above commutative square induces a linear L^- 
morphism (fi, Jm) '■ C x — > C Xa and then C : M — > is a functor. Moreover both MC 
and Def are functors from the category to the category of functors of Artin rings 
[14, 20, 22]. The functor MC acts on the morphisms of in the following way: let 
foo '■ V W be an Loo-morphism, then 

MC /oo : MCy ^MCh/ 

is the natural transformation given, for A <G Art and v € MCy(A) C V[l]° <8> m^, by 

oo 1 

MC /oo (V) = -fn( V& ^ G W ^ ® 

71=1 
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The natural transformation MC f x preserves the homotopy equivalence and then induces 
a natural transformation 

Def /oo : Defy -» De% . 
Recall from Section 2 that an Loo-morphism is called a quasiisomorphism of 
Loo-algebras if its linear part fi is a quasiisomorphism of differential complexes. Using 
the fact that every quasiisomorphism of Loo-algebras induces an isomorphism of the 
associated deformation functors [14], the next theorem becomes evident. 

Theorem 6.1 ([23]). Consider a commutative diagram of morphisms of differential 
graded Lie algebras 

fL 



L 2 



Xl 



x 2 



Mi 



M 2 



and assume that (/l,/m): C x — ► C X2 is a quasiisomorphism of complexes (e.g. if both 
fL and fu are quasiisomorphisms) . Then the natural transformation Def Xi — > Def Xa is 
an isomorphism. 



7. Cartan homotopies 

In this section we formalize, under the notion of Cartan homotopy, a set of standard 
identities that often arise in algebra and geometry [3, Appendix B]. 

Definition 7.1. Let (L, d,[,]) and (M, d, [, ]) be two differential graded Lie algebras and 
denote by 5 the standard differential on Hom*(L,M). A linear map i £ Hom _1 (L,M) 
is called a Cartan homotopy if for every a, b € L we have: 

i([a,b}) = [i(a),Si(b)\, [i(a),i(b)]=0. 

Notice that, according to the definition of S, for every a € L we have 

5i(a) = d(i(a)) + i(da). 

For later use we point out that [i(a), [i(b),5z(c)]] = [i(a),i([b,c])] = for every a,b,c. 
It is moreover easy to verify that Si is a morphism of differential graded Lie algebras 
and 

i([a,b}) = (-l) de ^[Si(a),i(b)} = \[i(a),5i(b)} + [6i(a),i(b)}. 

Example 7.2. The name Cartan homotopy has a clear origin in differential geometry. 
Namely, let M be a differential manifold, X(M) be the Lie algebra of vector fields on 
M, and £nd*(Q,*(M)) be the Lie algebra of endomorphisms of the de Rham algebra of 
M. The Lie algebra X(M) can be seen as a DGLA concentrated in degree zero, and the 
graded Lie algebra £nd*(Q*(M)) has a degree one differential given by [d, — ], where d 
is the de Rham differential. Then the contraction 

i: X(M) -► £nd*{fl*(M))[-l} 

is a Cartan homotopy and its differential is the Lie derivative 

Si = C: X(M) -» Snd*(n*(M)). 

In fact, by classical Cartan's homotopy formulas [1, Section 2.4], for any two vector fields 
X and Y on M, we have 
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(1) C x = di x + ixd = [d,i x ]; 

( 2 ) \x,y\ = £xiY - iyC-x = [Cx,iy] = [ix,£y]; 

(3) [i x ,iy]=0. 

Note that the first Cartan formula above actually states that 5i = C Indeed X(M) is 
concentrated in degree zero and then its differential is trivial. 

Example 7.3. The composition of a Cartan homotopy with a morphism of DGLAs 
is a Cartan homotopy. If i: L — > M[— 1] is a Cartan homotopy and Q is a differential 
graded-commutative algebra, then its natural extension 

i ® Id: L ® Vt -> (M ® a ® to ^ i(a) ® to, 

is a Cartan homotopy. 

Proposition 7.4. Xei z: L — > M[— 1] &e a Cartan homotopy and x = Si: L — > M. T/ien 
£/te linear map 

i: L — > C x , i(a) = (a,i(a)) 

is a linear L^-morphism. 

Proof. By decalage isomorphism, the structure on C x is given by the higher brackets 
//„ G Hom 2 ~ n (/\ n C X ,C X ), n > 1, where 

m((l,m)) = (dl,x(l) ~ dm), 

fi 2 ((l, m) A (/», fc)) = ^[/, /»], l[m, xW] + ^P^[X(0, 
and for n > 3 

A*n((*i,nn) A ••• A (Z„,m n )) = - ±[m CT(1) , [• • • , [m ff ( n _i), x(0<r(n)] ■ ■ ■ ]] 

It is straightforward to check that i commutes with every bracket, i.e. 

i(dx) = m(i{x)), i([x, y\) = fJ, 2 (i(x) A i(y)), 

and for n > 3 

jJL n {i{xi) A • • • A i(x n )) = 0. 
Therefore z is a linear Loo-morphism. □ 



Appendix A: gauge vs. homotopy 

In this Appendix we briefly discuss the relation between homotopy and gauge equiv- 
alence for solutions of the Maurer-Cartan equation for a given differential graded Lie 
algebra L. We also give a proof of Lemma 5.1, which is here presented as Corollary A.l. 

Proposition A.l. Let (L,d, [ , ]) be a differential graded Lie algebra such that: 

(1) L = M@C(&Das graded vector spaces. 

(2) M is a differential graded subalgebra of L. 

(3) d: C — > D[l] is an isomorphism of graded vector spaces. 

Then, for every A € Art there exists a bijection 

a: MC M {A) x (C° ®m A )^MC L {A), (x,c)^e c *x. 
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Proof. This is essentially proved in [31, Section 5] using induction on the length of A 
and the Baker-Campbell-Hausdorff formula. 

Here we sketch a simpler proof based on formal theory of deformation functors [30, 29, 
4,19]. 

The map a is a natural transformation of homogeneous functors, so it is sufficient to 
show that a is bijective on tangent spaces and injective on obstruction spaces. Recall 
that the tangent space of MC^ is Z l {L), while its obstruction space is contained in 
H 2 (L). The functor A i— > C° © is smooth with tangent space C° and therefore 
tangent and obstruction spaces of the functor 

A^MCm(A) x (C°®m A ) 

are respectively Z 1 (M) © C° and H 2 (M). The tangent map is 

Z\M) © C° 3 (x, c) ^ e c * x = x - dc G Z 1 {M) © d(C°) = Z 1 {M) © D 1 = Z X (L) 

and it is an isomorphism. The inclusion M L is a quasiisomorphism, therefore the 
obstruction to lifting x in M is equal to the obstruction to lifting x = e° * x in L. We 
conclude the proof by observing that, according to [4, Prop. 7.5], [19, Lemma 2.21], the 
obstruction maps of Maurer-Cartan functor are invariant under the gauge action. □ 

Corollary A.l. Let M be a differential graded Lie algebra, L = M[t,dt] and C C M[t] 
the subspace consisting of polynomials g(t) with g(0) = 0. Then for every A £ Art the 
map (x,g[t\) *—> e 9 ^ *x induces an isomorphism 

MCm(A) x (C° © m A ) ^ MC L (A). 

Proof. The data M, C and D = d{C) satisfy the condition of Proposition A.l. □ 

Corollary A. 2. Let M be a differential graded Lie algebra. Two elements Xq,xi G 
MCm(A) are gauge equivalent if and only if they are homotopy equivalent. 

Proof. If xo and X\ are gauge equivalent, then there exists g £ M° © mA such that 
e 9 *xo = X\. Then, by Corollary A.l. x(t) = e tg * xq is an element of MC M[t,dt](A) with 
x(0) = xo and x(l) = x±, i.e., xo and x\ are homotopy equivalent. 

Vice versa, if xo and x\ are homotopy equivalent, there exists x(t) £ MCj^^^fvl) such 
that x(0) = xq and x(l) = X\. By Corollary A.l., there exists g(t) G M°[t] © with 
g(0) = such that x(t) = e 9 ^ * xq- Then x\ = e 9 ^ * xq, i.e., xo and x\ are gauge 
equivalent. □ 



Part 2. dg-Grassmann functors 

Let W be vector space over K. The total Grassmannian of W is 

Grass(H^) = {linear subspaces of W}. 

The group Aut(W) of linear automorphisms of W acts on Grass(lT). Denoting by 
Grass(V, W) C Grass(W) the orbit of a subspace V C W we have 

Grass(V, W) = Aut ^) ; w h e re Aut(V, W) = {g G Aut(VF) | g(V) = V}. 
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The infinitesimal neighborhood of V in Grass(W) is the formal moduli space for the 
functor Grassypy: Art — > Set: 

Grassy^ (A) ={<j): Spec(A) -> Grass(W) [ 0(Spec(K)) = V} 
={free ^4 submodules Va Q W <g> A \ Va <8>a K = 
={/(y ®A)C^®A|/G Aut(W A), /| W = Id}. 
Since {/ G Aut(W (8 A) | f\ w = Id} = exp(g[(W) ® m^) we can write 

exp(gl(W) mA) 



where 



Grassy w {A) - 

' 1 ' exp(L°^®m A ) 

i° W = {</ G [(W) | g(V) C V} 



and the action is given by 

exp(L^ w <g> m A ) x exp(fl[(W) m A ) -» exp(g[(W) <8> m A ), (e a , e m ) i-> e m e~ a . 

In conclusion, the functor Grassyvy coincides with the deformation functor Def x where 
X - Ly W — > £|[(W) is the inclusion. Indeed the differential graded Lie algebras £ypy and 
fl[(W) are concentrated in degree 0, MC X (A) = exp(f)[(W) <8>m,4) and the gauge action 
is given by 

exp(L FW ®m A ) x exp( 9 l(W) ® m A ) -> exp( [(W) ® m A ), (e a ,e m ) ^ e m e -^( a ). 



8. The coarse dg-Grassmannian 

The considerations of the above section suggest the following generalization from 
vector spaces to differential complexes. Let (W, d) be a dg-vector space and denote by: 

(1) Aut(W) the group of automorphisms of the graded vector space W; 

(2) Aut(W, d) the group of automorphisms of the differential graded vector space 
(W, d), i.e. the subgroup of Aut(W, d) consisting of linear automorphisms which 
commute with the differential d; 

(3) Aut°(VM) the sub group of Aut(W, d) of automorphisms inducing the identity 
in cohomology. 

Define the coarse Grassmannian Grass (W) as the quotient 
G(W) 

Grass(VF) = ^ — - — , where G(W) = {subcomplexes of (W,d) }. 

Aut u (W, d) 

Note that Aut(M / , d) acts on G(W) and then the quotient group Aut(W,(i)/Aut (W,d) 
acts on Grass(W). 

If d = then Aut°(W, d) = {Id} and then Grass(M^) is the standard Grassmannian. 
Notice that the cohomology functor gives a map 

h: Grass(W) -» Grass(H* (W)), h{V) = lm(H*(V) -> H*(W)). 

Denoting by Grass(W) s C Grass(VF) the "open" subset consisting of subcomplexes 
V C W such that H*(V) — > i/*(W) is injective, we shall prove later (Theorems 9.3 and 
10.6) that, is some sense, the map h: Grass(I4 / ) s — > Grass(iI*(W)) is a local isomor- 
phism; this fact justifies the quotient of G(W) by the action of Aut°(M / , d). 
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Given a subcomplex V C W we denote Grass(V, W) = G(V, W)/ Aut°(W), where 
G(V, W) the set of subcomplexes of W that are isomorphic to V as graded vector spaces; 
equivalently U G G(V, W) if and only if U G G(W) and there exists / G Aut(W) such 
that /(F) = U and then we have a natural identification 

{/ g Aut(w) | d/(y) c /(f)} 



Aut(V, 



G(V,W), f»f(V), 



where Aut(V, W) is the subgroup of Aut(W) consisting of the automorphisms g such 
that g(V) = V. 

Remark 8.1. To put some structure on Grass(W) the natural choice is to take Grass(V, W) 
as its components; then try to define Grass (V, W) as categorical quotient (in a suitable 
category: varieties, schemes, stacks, ...) using the identification 

1 ; Aut°(W,d) x Aut(V,W) 

Note that (<p,Y>) G Aut° (W,d) x Aut(V, W) acts of {/ G Aut(W) | df(V) C /(F)} by 
the formula (<£>, Y>) ■ / = ¥>/Y'~ 1 - 

Unfortunately we may not expect that Grass (V, W) is separated in general. Consider 

W° = W 1 = K X, W i = for i y£ 0, 1, and d: W° -» JU 1 of rank 1. 

If y° = y 1 = K, then F is a subcomplex of W if and only if V° = ker(d) or V 1 = Im(d). 

Therefore G(V, W) C F(W°) x P(VF 1 ) = P 1 xP 1 is the union of two intersecting lines. 

In particular G(V, W) is singular at the point V° = ker(d), V 1 = Im(d). 

The group Aut°(W, d) acts transitively on {V \ V ^ ker(d)}, {V \ Vi ^ Im(d)} and then 

Grass(V, W) contains three point and it is not separated (same type of {xy = 0}/K*). 



9. Infinitesimal study 

Let (W, d) be a complex of vector spaces and V C W a subcomplex; denote by L\y 
and Ly,w the differential graded Lie algebras 

L w = Rom*(W, W), L vyv = {g G Hom*(VF, W) \ g(V) C V}. 

An Artinian algebra can be seen as a differential complex with trivial differential; for 
every A G Art we still denote by d the differential on W <g> A. Since the differential on 
A is trivial, we have 

d: W*®A-» W i+1 ® A, d(v <g> a) = d{v) ® a. 

Let V C be a subcomplex and consider the functors 

Autw, Aut^d, Aut^ d , Auty,w '■ Art — > Groups 

defined as 

Aut w (A) = {/ G Hom^(W ® A, W ® A) | / = Id (mod m A )} 
Autw; d (A) = {/ G Aut^(A) | /d = d/} 
Aut V)W (A) = {/ G AutvKA) | /(F ® A) = F ® A} 
Aut^ jd (A) = {/ G Aut w>d (A) | #*(/) is the identity on 7d*(VF ® A,d)} 
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The above functors are smooth and homogeneous [29, 19]. Their tangent spaces are 
T 1 Aut w = Hom°(VF, W) = L? w 
T 1 Aut W4 = {/ G Hom°(W/, W)\fd = df} = Z°(Rom*(W, W)) 
T 1 Aut wy = {f€ Rom°(W, W) \ f(V) C V} = L° vw 
T 1 Aut° W4 = {/ G Rom°(W, W)\fd = df, /(ker(d)) C Im(d)} 
Lemma 9.1. For every A G Art, i/te exponential map gives isomorphisms 
exp: Hom°(W, PF) <8> mi -> Aut w (A) 
exp: Z°(Hom*(W, W)) ® m A -» Autw )d (A) 
exp: E°(Hom*(W, W)) ® m A -»■ Aut^A) 
exp : L? v w ® m A -> Auty jt y (A) 
Proof. First we note that For every i there exists a natural exact sequence 

-» B < (Hom*(W,W)) -► Z i (Hom*(W,W)) -» rW(iT(W0, -► 
and therefore 

T 1 Aut^ jd = B°(Rom*(W, W)) = {df + fd \ f G Hom -1 (W, W)}. 

Since all the functors are smooth and homogeneous, it is sufficient to prove that the 
exponential induces isomorphisms on the tangent spaces. □ 

The considerations made in Section 8 lead us to define the functors 

My,w, Grassy, w '■ Art — > Sets 

M v ,w(A) = {/ G Aut w (A) | d/(V ® A) C /(V ® A)}, 

Grassy w = —r. — . 

Aut^/ d X Autyiy 

Proposition 9.2. In the notation above, let x- Ly,w Lw the inclusion. Then there 
exist natural isomorphisms of functors 

MC X — ►My j w, Def x — > Grassy w ■ 

Proof. Note that, since V is a subcomplex of (W, d), we have d(V £*D A) C V <8> A, and so 

Myjy(A) = {/ G AuV (A) | (/ _1 d/ — d)(V <8> A) cy®i} = 

= {/ G Aut w (A) | f- x df -de Ly W ® m A }, 
and then, by Lemma 9.1 and by the identity e~ a * = e~ a de a — d, 

M V>W (A) = {e a G exp(L^ ® nu) | e~ a * G L y w <g> m A }. 

Recall that 



X(x) 



MC X (A) =|(x,e a ) G {L l vw ®m A ) x exp(L H/ <g> nu) | dx + i[x, x] = 0, e a *0 

Since x 1S injective and the set of solutions of the Maurer-Cartan equation in (g> 
is preserved by the gauge action I i— > e~ a * /, we have 

MC X (A) = {e a G exp(L^ ® m A ) \ e~ a * G Ly^ m A } 
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and then the isomorphism MC X ~ Myy/. 
The gauge action 

(exp(L^ w ®m A ) x exp(B°(L w ® m A ))) x MC X (A)^+ MC X (A) 

becomes 

{e l , e dm ) *e a = e dm e a e~ xif) = e dm e a e~ l . 
According to Lemma 9.1 we have 

exp(Ly jiy ® mA) x ex\r>(B°(L w <g> m^)) = Autyiy(A) x Aut^^A) 

and it is immediate to observe that the gauge action is identified with the natural group 
action 

Auty^(A) x Aut^A) x M VyW {A) M VyW {A) 
and then we have the isomorphism of quotient functors 

Grassy,w = Def x . 

□ 

Note that the isomorphism Def x — > Grassy, w has a natural explicit description: it is 
the map 

e a ' ^ (e a (V <g> A),d) C (W ® A, d). 

Theorem 9.3. Let V be a subcomplex of (W, d) such that the inclusion V ^ W induces 
an injective morphism in cohomology H*(V) H*(W). Identifying H*(V) with its 
image in H*(W), then the cohomology functor H* gives a natural transformation of 
functors 

H* : Grassy w ~> G*zssh*(v),h*(w) - Y[ Grass H*(v),HHw) ■ 

i 

Proof. Recall that 

Grassy, (y),H* (w) (A) = {free A submodules F A Q H*(W) <g> A \ F A ® A K = H*(V)}. 

Given e a € MC X (A) denote by d a = e~ a de a : W ® A -> W (g> A; then (V <g> A, d a ) is a 
subcomplex of (W<8> A, d a ) and e a is a morphism of complexes {W® A, d a ) — > (W<8>A, d). 
By local flatness criteria, the cohomology of (V <g> A, d a ) is a free A-module and the map 

H*(e a (V ® A),d) -» fl"*(W<8> A,d) ~ i/*(W) <g> A 

is injective since it factors as 

r(e a (y®i),(i) ~ H*(V ® A, d a ) g * (ea) > fP(W® A,d) 
where the isomorphism on the left is H*(e~ a ). Therefore the map 

/i: MC X (A) -» Grass^. (y),H* (W) (A) , 

h(e a ) = image of the natural map H*(e a (V ® A)) -> i?*(W) <g> A 
is well defined and factors to a natural transformation of functors 

H* : Grassyjy — > Grassy* ( V ),h*(w) ■ 

□ 
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10. HOMOTOPY INVARIANCE 

Lemma 10.1. IfV^Wisa quasiisomorphism, then the inclusion 
and the projection 

Lv,w — *• Ly, f f\v 
are quasiisomorphisms of DGLA. 

Proof. We have two short exact sequences 

-» Ly W -»■ Lvk -» Hom*(V, WyV) -> 

-> Hom*(W/V; W) -> Lv,w -» -» 

Since the complex W/V is acyclic and the bifunctor Horn* commutes with cohomology, 
the complexes Hom*(V, W/V) and Hom*(V, W/V) are acyclic. □ 

Lemma 10.2. Assume we have an exact diagram of differential graded vector spaces 





A 



B C ^ D 



E 


If ipa is a quasiisomorphism, then also (3ip is a quasiisomorphism. 

Proof. For every i in Z the map H l {ij;a): H l {A) — > H l (D) is an isomorphism. Since 
Wtya) = i? i (V')oF i (a),themapi? i (a): IP (A) -> H^C) is injective and IPty) : IP(C) 
H' l (D) is surjective. Therefore, the long exact sequences 



*LU ip (A) -^H W{C) W{E) H i+1 {A) 



and 



► W~\D) ^-U H\B) -^H H' l {C) H\D) ^ H i+1 (B) 

can be refined as 

W~\ E ) ^ - fP(A) fT(C) ^ ^ 



and 

W-\D) ^ -> H l (B) iT(C) iF(Z>) ^ 
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and we have an exact diagram 



IP (A) 

H'(a) 

H i {B ) W(C) W{D) 

HHP) 
H l (E) 





Now it is an easy exercise on linear algebra to show that H l (/3ip) = H l ([3) o H l {ip) 
is an isomorphism, i.e., (3tp is a quasiisomorphism. Note that, by symmetry, if (3<p is a 
quasiisomorphism, then also ipa is a quasiisomorphism. □ 

Lemma 10.3. Consider a subcomplex U ofVQW and denote 

Lu,v,w = L UjW n L VyW = {f€ Rom*(W, W) \ f(U) C U, f(V) C V}. 

(1) If U <—>■ V is a quasiisomorphism, then the two inclusions 

Lu,v,w ^ Lv,w, Lu,v,w ^ Lu,w 

are quasiisomorphisms of DGLA. 

(2) If V ^ W is a quasiisomorphism, then the inclusions Luyw <^-> Luy/ and the 
projection 

Lu,v,w —> Lu,v, f ^ f\v 
are quasiisomorphisms of DGLA. 

Proof. Assume that U <—>■ V is a quasiisomorphism; consider the exact sequences 



and 



-> L V y >w ( ' d|v,ld) > Luy © L VtW ^ L v -> 0, r(/, g) = f - gy 
— > L{7 ; y - — £{7,V © Lv,w Lv,w ~ * 0. 



The composition r o (id, 0) : Lt/,y — ► Ly coincides with the inclusion Luy <^-» Ly. By 
Lemma 10.1, the inclusion L^y <^-» Ly is a quasiisomorphism. Therefore, by Lemma 10.2 
the map tt2 o (id|y,id): Luyw — > Lyjy is a quasiisomorphism, i.e., Luyw <^-> Lyjy is 
a quasiisomorphism. 

The acyclicity of F/i7, together with the exact sequence 

-> L^yty -> L^ty -> Horn* I — , — J -> 0, cr(#) = #|y, 

imply that Luyw ^ £f/,W is a quasiisomorphism. 

The proof of the second statement is very similar. Assume that V W is a quasiiso- 
morphism and consider the exact sequences 

-> L^yjy ^^'^^ L^y Lyjy A Ly -> 0, t(/, 5) = gy - f 

and 

— > Lyjy — > Luy © Lyty L^y — > 0. 
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The projection Lyy/ Ly is a quasiisomorphism by Lemma 10.1. This projection can 
be written as the composition r o (0, id): Lyy/ ~^ Ly, hence by Lemma 10.2 the map 
7Ti o (id|y , id) : L\jyy? — * Luy is a quasiisomorphism, i.e., the projection Lyyy/ — ► Luy 
is a quasiisomorphism. Moreover W/V is acyclic and then the inclusion Luy,w ^ Lu,w 
is a quasiisomorphism. □ 

Lemma 10.4. Assume we have a commutative diagram of inclusions of differential 
graded vector spaces 

U -» V 

I I 

z ^ w 

If the horizontal arrows are quasiisomorphisms then Grassy ~ Grass^w ^ Grassy jy. 

Proof. In the notation of Lemma 10.3, there exists a commutative diagram of DGLA, 
where every arrow is either the natural inclusion or the natural projection: 

Lu,Z L U>Z ,W —> Lu,W <— L(7,V,W — » ^V.VK 



X 



By Lemma 10.3 the horizontal arrows are quasiisomorphism and then, Theorem 6.1 gives 
an isomorphism of deformation functors 

Grassy ~ Def^ ~ Def p ~ Grassj^w ~ Def x ~ Grassy^ • 

□ 

Remark 10.5. In the same hypothesis of Lemma 10.4, if in addition U = V n Z, then 
the isomorphism Grassy — Grassyjy can be done in a more explicit and easy way. In 
fact the two inclusion 

a: L Z) w n Ly W ^ Ljjyw, P- L Z) w n Ly W ^ Lu,z,w 
are quasiisomorphisms since their cokernels are the acyclic complexes 

( z w\ fv w 

Coker(a) = Horn* {jj^U Coker(/3) = Horn* f -, — 
Then, according to Lemma 10.4 every horizontal arrow of 

Lu,Z L Z) W l~l Ly W Lyty 



X 



is a quasiisomorphism. The isomorphism Grassyjy — Grassy £ can then be explicitly 
described as follows: given A € Art and an element e a (V <g> A) in Grassy, w (A), there 
exists (and it is unique up to gauge) an element e a € exp(Hom (W, W) ®xcia) such that 
e a (V A) = e a (V A) and e a (Z A) C Z <g> A. Then the isomorphism Grassy w — 
Grassy is given by the map 

e a (V ®A)^ e a (U ® A) C Z ® A. 

Theorem 10.6. Let V be a subcomplex of (W, d) such that the inclusion V W 
induces an injective morphism in cohomology H*(V) H*(W). Identifying H*(V) 
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with its image in H*(W), then the cohomology functor H* gives an isomorphism of 
functors 

H* : Grassy^/ Grassy. (y),H*(W) = Y[ Grass H*(V),H*(W) ■ 

i 

Proof. It is possible to find "harmonic representatives" Hy Q V and Hw Q W with 
Hv = Hw H V. Indeed, the injectivity of H*(V) —> H*(W) implies the two equalities 

z*(v) = vnz*(w), b*{v) = vnB*(w). 

Therefore it is possible to find a subspace Hw C Z*(W) such that Hw © B*(W) = 
Z*(W) and (H w nV)e B*(V) = Z*(V). Set Hy = Hw H V. Then the diagram 

Wy ► V 

H W ^ W 

satisfies the hypothesis of Lemma 10.4 and Remark 10.5 and we have an isomorphism 
Grassy, w ^ GrassH v ,n w S iven by 

e a (V®A)^e a (H v ®A), 
where e a £ exp(Hom°(IV~, W) ® m A ) is such that e a (V ® A) = e a (V ® A) and e Q (7i w ® 

Now, according to Theorem 9.3 it is sufficient to note that the natural map 

e a {H v ®A) -> H*{e a (V ® A),d) = iT(e a (V ® A), d) 
is an isomorphism. □ 

Part 3. The universal period map 

In this part we work over the field IK = C of complex numbers. Unless otherwise 
specified, the symbol ® denotes tensor product over C. 

11. The Kodaira-Spencer DGLA 

We will follows the same general notation of [33]; in particular, for a differentiable 
manifold M we denote by A P M the sheaf of differentiable p-forms with complex coeffi- 
cients and by d: A P M — > A 1 ^ 1 the De Rham differential. 

We think an almost complex structure on M as a subsheaf V C A\j of locally free 
^4^-modules such that V © V = A l M . 

For a complex manifold X we denote by: 

• Tx,c = T x ° © T x l the complexified differential tangent bundle. 

• Tx — T x the holomorphic tangent bundle. 

• A p x the sheaf of differentiable (p, g)-forms and by A p x (Tx) the sheaf of (p,q)- 
forms with values in Tx- 

• A^ 9 and ^ 9 (Tx) the vector spaces of global sections of A p x q and A p x q (T x ) 
respectively. 
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Recall that an almost complex structure V C A x is called integrable if there exists a 

1,0 

x 



structure of complex manifold on X such that V = .A 1 ' 



The direct sum 



A X = ®A X , where A x = A p x , 

p+q=i 



endowed with the wedge product A, is a sheaf of graded algebras; we denote by Ver a,b (Ax) 
the sheaf of its C-linear derivations of bidegree (a, b). Notice that d and d are global 
sections of Ver 1 ' \Ax) and Ver ' 1 (Ax) respectively. 

The direct sum Ver* (Ax) = ©fc ® a +b=k Ver a ' b (Ax) is a sheaf of differential graded Lie 
algebras, with its natural bracket 

[f,g} = fg-(-i) dcgif)dcgig) gf 

and differential [d, —] = [d + d, —]. 

Similarly A° X *(T X ) is a sheaf of DGLA, where the bracket [ , ] and the differential D 
are defined in local coordinates by the formulas: 



fw- 9 rr- 9 



. . dg d df d 
= dzj A dzj f-^—T, g-^—TT 

OZj OZj OZj OZj 



The contraction of differential forms with vector fields is used to define two injective 
morphisms of sheaves: the contraction map 

i: A° X *(T X ) -> Ver* (A x )[-l], a i-> i a , i a (u) = ajw, 
and the holomorphic Lie derivative 

I: A° X (T X ) — > Ver* (Ax), a^l a = [d,i a ], l a (u) = d(a^co) + (-l) dc ^ajdu. 
Lemma 11.1. In the notation above, for every a, b € A° X *(T X ) we have 

i-Da = -\S,i a ], i[ a ,b] = [*o, [9,%]], [*a,*b] = 0. 

In particular, since [9,%] = [d,%] + %r>b, the contraction map i is a Cartan homotopy 
and the holomorphic Lie derivative is a morphism of sheaves of differential graded Lie 
algebras. 

Proof. Since locally Ax is generated as C-algebra by A x Q @A l x @A x l , if min(a, b) < —2 
then Ver a ' b (Ax) = , while if min(a, b) < -1 then every h € Ver a ' b (A x ) is C^-linear. 
The elements of the third formula belong to Ver~ 2, *(Ax) and therefore vanish. Every 
term of first two formulas belongs to Ver~ 1, *(Ax) and then it is sufficient to check 
equalities of such derivations when applied to dzi , where zi,...,z n are local holomorphic 
coordinates. This is straightforward and it is left to the reader: see also Lemma 7 of 
[21]. □ 

The contraction map gives a natural isomorphism of vector spaces 

i:Af(T x )^Kom AOx (A^°,Af). 

For every sufficiently small £ £ A X (T X ), the graph of £ Hom^ (A x °, A° x ) deter- 
mines a variation of the almost complex structure of X given by 

A l f = {u e Ax | 7f(u>) = = {uj € A x \ W(u) = ^tt(uj)}, 
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where ir: A x — ► A x ° and W: A l x — > A^ 1 are the projections. Then denote 

Af=Aj\ A™ = }\AY®I\ A Y- 
The sheaf of £-holomorphic functions is by definition 

Oz = {feA x \dfe A\> } 
and then, according to the definition of A^' , we have 

0£ = {/ € A° x | df = e.,0/} = {/ G ^ I (9 + ^)/ = 0}. 

Since is a nilpotent derivation of degree of the sheaf of graded algebras Ax , its 
exponential 

= exp(£j): Ax Ax 
is an isomorphism of graded algebras. 

Lemma 11.2. In the above notation e l i(A x °) = A^' . 

Proof. For every u> G A;^ we have e*£(u>) = uj + £ j7t(u;), therefore 

and then e % z(u) G A^' if and only if W(u) = 0. □ 

The Newlander-Nirenberg theorem [24], [13, Thm. 5.5] implies (see e.g. [2, Lecture 
1]) that the following four conditions are equivalent: 

(1) The almost complex structure A^' is integrable. 

(2) £ is a solution of the Maurer-Cartan equation [13, Equation 5.86], [2, Equation 
2.5] 

££ + |[£,£] = 0. 

(3) For every x G X there exist fi, ■ ■ ■ , f n £ ^i,xi n = dimX, such that dfi, . . . , df n 
are a basis of the A^-module A^ x . 

(4) dF\ C T\, where J^ 1 = ® p >iA^ g = (A^°) Q A x is the graded ideal sheaf 
generated by A^' . 

Definition 11.3. The Kodaira-Spencer algebra of a complex manifold X is the differ- 
ential graded Lie algebra K x = ®iA x l (T x ) of global sections of ®iA° x (T x ). 

Denoting by Defx : Art — > Set the functor of infinitesimal deformations of X: 

. . deformations of X over Spec(£>) 
Dei x (B) = . 

A deformation of X over Spec(-B) may be interpreted as a morphism Ob — > Ox of 
sheaves of 5-algebras such that Ob is flat over B and the induced map Ob <g>B C — ► Ox 
is an isomorphism. 

The following result is well known [3], [8], [14, Ex. 3.4.1]: a detailed proof will also 
appear in [12] 
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Theorem 11.4. There exists an isomorphism of functors 

O: Def Kx -» Def x 

defined in the following way: given a local Artinian C-algebra B and a solution of the 
Maurer-Cartan equation £ € A x l {Tx) ®itib we set 

Of. = ker(^° ® 5 tg) = {/ G A x ° ®B\~df = f 

and the map — > Ox *s induced by the projection A x ° <8> -B — ► A x ° (g> C = *4 X ° . 



12. The period map 

Let X be a fixed complex manifold: we shall denote by Ax = F° D F 1 2 • • • the 
Hodge nitration of differential forms on X, i.e. for every p > 

Theorem 12.1. Let p be a fixed nonnegative integer and consider the inclusion of 
differential graded Lie algebras 

L F p,Ax = {/ € Hom*(Ax, A x ) | /(FP) C }^ Hom*(Ax, A x ) = L Ax . 
Then the linear map 

p p :K x ^ C x , p p (0 = (k,k) = (ld,H],H) 
is a linear L ^-morphism. 

In particular p p induces a natural transformation of functors: 

p p : Defx — ► Def x = Grassi?p,A x • 
Proof. According to Lemma 11.1 and Proposition 7.4, the Lie derivative 

K x = A° X *(T X )-^ Rom* (A X ,A X ) 
is a morphism of differential graded Lie algebras and the map 

i: K x - d = K x 0Hom*(Ax,Ax)[-l], i(0 = 
is a linear Loo-morphism. 

The morphism p p is the composition of i and the linear Loo-morphism Ci — > C x induced 
by the horizontal arrows of the following commutative diagram of differential graded Lie 
algebras 

A° x *(Tx) — Lpv t A x 

l X 

Horn* (Ax, Ax) ^ L Ax 

□ 

Corollary 12.2. If £ G A x l (Tx) «s a solution of the Maurer-Cartan equation, then in 
the associative algebra Hom*(Ax, Ax) we have the equality 

e-Hde^ = d + e -i e *0 = d + Z € = d+[d,i ( }. 
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Proof. The first equality follows from the explicit description of the gauge action in the 
DGLA Rom*(A x , A x ). Taking p = in Theorem 12.1, the pair p°(£) = (^,i ? ) satisfies 
the Maurer-Cartan equation in C x and then e l * * = 0. 

Obviously the above equality can be also proved directly as a consequence of Cartan 
homotopy formulas (Lemma 11.1). □ 

Theorem 12.3. In the same notation of Theorem 12.1, assume that X is a compact 
Kahler manifold and denote by 

V p : Defx -> Grass fl -.( J r P ) jjff *(A x ) 
the composition of the natural transformation p p : Def x — > Grassy ^ one? i/ie co/io- 
mology isomorphism H* : Grass^ P)J 4 x — > Grass#*(^ P ) ^'(Ax) f see Theorem 10.6). Then 
V p is the universal period map. 

Proof. Let B G Art and £ € MC Kx (B); by definition 

pP(£) = H*(e^(F p B)) C iT(,4 x (8)5)= #*(A X ) ® 5. 

On the other hand, the period of the infinitesimal deformation = ker(<9 + l^) is the 
i?-submodule H*(F^) C H*(A X <8> -B), where is the complex of global sections of the 
differential ideal sheaf C .Ax (g) B generated by (dO^) p . 

It is sufficient to prove that e i «(F p <g> B) = since e^: i x ®B ^ i x ®B is a 

morphism of sheaves of B-algebras, it is sufficient to prove that e~ t ^(dO^) C „4 X ° (g) f?. 
This equality, together rank considerations, will imply that 

Since is the identity on A 1 ^ (g> B, by Corollary 12.2 we can write 

e _i « {dO^) = e-^de^O^ = {d + d + l^O^ = dO^ C dA x ° 8BC^»B. 

□ 

Remark 12.4. In the statement of Theorem 12.3 the Kahler assumption is used in co- 
homological sense; more precisely we only require that the cohomology of the complex 
F p injects into the De Rham cohomology of X. 

Corollary 12.5 (Griffiths). The differential of the universal period map is 

dV p = i: H\X,T X ) -> 0Hom (W(X,C), ^ffq ) ■ 

Proof. Recall from Remark 3.1 that the projection on the second factor induces an 
identification 

H j (C x ) ^ H j - 1 (Rom*(F p ,A x /F p )) = ^^~Rom{H i (F p ),H i+: >~ 1 (A x / F p )). 

i 

Via this identification, the Loo-morphism p p : K x — > C x , induces in cohomology the map 
i^'(p p ) = i: ^'(^ x ) -> 0Hom(F i (F p ),^+- ? '- 1 (^ x /F p )). 

i 

The differential oiV p : Defx — > Grass^?^ ~ Grassy. (F*>),.ff*(X;C) is therefore 
oT p = i: il 1 ^) -4 0Hom(fl < (^).^(^))- 

i 

□ 
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Corollary 12.6 (Kodaira's Principle [3, 21, 26]). The obstructions to deformations of 
X are contained in the kernel of 

i: H\X,T X ) -+ 0Hom (W(X,C), ^ffc) ) ' 

for every p > 0. 

Proof. We use the same general argument of [21, Section 5]: since the period map 
V p : Defx — > Grassy. (fp),h*(x,c) 1S induced by the Loo-morphism p p : Kx — > C x , the 
linear map 

H 2 (V P ) : H 2 (X,T X ) -> # 2 (C X ) 
is a morphism of obstruction theories, i.e., it commutes with the natural obstruction 
maps for Defx and Gt&ssh*(fp),h*(x,C) [23]- In particular, obstructions to deforming the 
complex structure of the Kahler manifold X are mapped to obstructions of the functor 
Grass#* (fp),h*(x,C)- Since the latter is unobstructed, the obstructions to deforming X 
are annihilated by H 2 (p p ). By the proof of Corollary 12.5, H 2 (p p ) = i. □ 

13. Trasversality 

Consider a fixed compact Kahler manifold X and a differential graded commutative 
C-algebra (£l,dn). Let 

Id^cfo: A x ® ^ A x <S) tt, (Id®dn.)(a <g> w) = (-l) dcg(a) a <g> d n (uj) 

the trivial extension of dn . Then Id <8>dn is a differential of the graded algebra Ax <S) 
inducing a flat connection 

Id®dn: H^Ax)®^ ^ H* (A x ) ® n i+1 . 

Assume now that B is a commutative unital C-algebra and let <fr: B —> 0° be a morphism 
of graded unital C-algebras. 
Via the natural isomorphisms 

4x®0 = (A x <8> B) ® B n, H*(A X ) ®n = H*(A X ®B)® B n 

the operator Id <g>dn induces the differential 

V : [A x ® B) ® B Q ^ (A x <£> B) ® B ft, 

V((a 8 6) 8 B to) = (-l) dc ^ a \a ® 1) ® B d n (0(6)w) 
and the flat connection 

V: fl-*(A x ®5)®B ^ -^fr*(A x ®5)®B 

that, by analogy with the case of S a power series ring and f2 = /\ B Q, B we shall call 
Gauss-Manin connection. 

Assume now that B G Art and consider a deformation of X over Spec(B) determined 
by the Kuranishi data £ G MC# X (.B) C A^ 1 (Tx) <8> m s . 

The classical Griffiths' trasversality theorem [10], [33, Prop. 10.18] generalizes to the 
following result: 

Proposition 13.1 (Trasversality). Let Fj? be the complex of global sections of the dif- 
ferential ideal sheaf C Ax ® B generated by (dO^) p . Then 

v(h*(f p ) ® B n*) c H^Ff 1 ) ® B 
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Proof. It is not restrictive to assume B C Sl° C !! and 4> the inclusion. For notational 
simplicity denote by 5: A° x *(Tx) <8> ^ — > A° x *(Tx) <8> £1 the trivial extension of cIq, i.e. 

It is sufficient to prove that V(F| ® B tt 1 ) C ®£> 

The contraction map i extends naturally to a Cartan homotopy (Example 7.3) 
i: A X *(T X ) Hom*(A x , A x ) <8> fi C Hom*((i x ® B) ® B 0, (A x <8> B) ® B 0) 

such that i$ x = — [V, i x ] ; in particular [i x , [i x , V]] = —[i x , isx] = for every x. For every 
nilpotent a G Hom°((ylx <8> B) ®b ^i, (Ax <8> -B) <g>£ $7) we have the equality 

[V, e a ] = Ve a - e a V = e a {e~ a Ve a - V) 

. , (_ a A \n 

= e a (e- ada (V) - V) = e a [V, a] - e a ^ , (V). 

n>2 n - 

Since £ G MCx x (-B), for a £ <8> B and w G we have i^(a ®b uj) = <8>b w; 
therefore 

[V, e*f ] = e*e f-i* ± ^fe, ± ^fe, fe, »*]] ± • • • ) = -e*e<^. 

Now it is easy to conclude the proof: we have seen in the proof of Theorem 12.3 that 
= e^(F p <g) B) and then every v G Fj? 0b $7 can be written as v = e*«(u), with 
u G (F p ®B) Therefore 

V(u) = V(e*«(u)) = [V,e*«](«) +e*«(V«) 

= e < e(-i^(u) + V(«)) G e i «((F p ~ 1 ® 5) ® B 0) = ® B fi. 

□ 
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